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Year 2 Calculus - integrating by completing the square;
evaluating -ve areas

1. {a) Find

-F.,; d.r
X +6x+25

(h) Hence find the exact value of
A

J" P de
3 X +bx+25

giving the answer in simplest form.,

(3)
A student claims that the magmitude of the answer to part (b) mives the total area bounded
by the curve y=1- L and the x-axis between the hne x = =3 and the line x = 1
X +hx+25
{c) State, with a reason, whether or not the student is correct.
(1)

(Total for Question 1 is 7 marks)

(a)notice ve are asked to inteqrate a fractional expression :checking if con
use the folloning -

Fractional expressions

4a. Can | split the nume or?

Is there a single term in the denominator?

4b. Can | do ial fractions?
Does the denominator factorise?
d4c. Can | do algel c division?

Is the fraction improper?

bt
-can't as 4 in the numem’mr rather than
a fractional expression , } o B = o
|| -cant do part _as checking discriminant for quadeatic:
(6)" - 4LN2s) = 3¢- 100 |
=-64¢0
=) cannot factorise
-also can't do as 1 ta the numerator

Y this means our only option (S to complete the square in
the denominator and look 0 use one of the inteqrals in ne for mula
booklet

) )
I Grt-q 425 4% = f (x43)'416 e
'-\hohce this (s m the {ormqf

o b= garctan =); ; now two uays to proceed:-


Francesca Foster

Francesca Foster


WAY |- formula booklet and equation
uhere x-XxX+3 and a? =16
Sazb
“ Subbing into inkegral

-:iarcl—an xt3) ,c
[
WAY 1:53 substitution
let w=x+3

gy - |
dx
Subbing into integral

|—
u +16 du

=) du=dix

Subbing (nto for-mlq book integration
vher@ al=|6

a
[ ]
-£

- | "

- -;tm.{-an( .,) +C
Sulal.ing wu=x+3 backin
'_ [ x+)

= ?‘arctuﬂ ( = )+C

(b) I
( X +Cr+2$’

&

notice ekis is 25 limes part (a)
| x+3\7'
[ x “'d:“"(—..f )]

evaluate at Limits

3[(\)- l_é‘wc{a,\( |_+;3)] =T

I- z_qsl-an"'(l) 3+ ngan"(ol

=1=25(af ) +3+0
s -5

16

Reminders:

Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:

>

>
>

using basic indices rules to simplify and expand hrackets.
o x%xxb=xath
2 _ ab
o L=x

means 2x71
° w= 5%

o (Vo)ror¥® = b
Factorising and maybe cancel first
Is there a single term in denominator?

split fractions using 22 = 2+ % or (a + b)c™!

Then ask yourself:

1
2.

5.

g

AL

Is it an easy power type?/ x"dx = =

Is it In (natural logarithm)? Form [“" 2

To recognize these, the power in the e eminzmric (almost
always) 1. When you bring the denominator up to the
numerator using negative power indices rule you get a power
of—1. By adding one to the power and dividing it, you'll end
up dividing by zero which you can’t da

Pic) dx =InfG) ‘+ c

fG

Method: copy In(denominator). Remember ignare then
differentiate to check you get what is inside the integral -
correct with numbers only, not variables and only correct by
multiplying or dividing. We can ignore the pink part since the
derivative ‘pops’ out when we diffarantiate and we know

when we differentiate our answer it must be what is inside
the integral).

s it bring up and harder power type? Bring the power up and
becomes the form/ f’(x)f ()" dx = % +C
Recognisable by a power in the denominator other than

fﬁ = [4x(2x? — 10) P dx ete

Is it Partial fractions! Recognisable by products in the
denominator.
Form 1 S 5
orm A T dext)  xrd | exef
A, B c
Form 2 G rrar  aere | g TR
(only advanced courses have this form)
A Barc
Form 3

xrelmtg)  dwve | faetg

Is it divide first? Recognisable by two or more terms in the
denominator and also where we have the matching highest
powers in both numerator and denominator or a higher
power in the numeratar

Rewriting/adapting fraction in a clever way (split up the
numerator to get two fractions)

Is it inverse trig? (may need to complete the square first)
Either use the inverse trig results below or use a trig
substitution

.
VaZ —(be &
1 s by

[~ g = e (e

Fa—

[a +(bx)2 g ‘(?)Jrc
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(c) ‘magnitude of answer’ cuq qgests the graph po%enh'allj q0ing under the 4
x-axis (-ve area :need to split the Limits)
et flx)= (- 28
x4 6x 42§
and evaluate At x=--3

16
getting common denomrnator

-2 _ _q
BT SRR [

f(h=1-2¢
(y+6(t)+2s

:,_LC
32
N DS | -
2 32 32

Since f(x) changes sigh acrogs the (nterval -.-)grapk crosses the x-axis ..
part of area is below the x-axis (-ve area) - statement tncorrect
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Year 2 Series - method of differences (modelling)

2. A company operating a coal mine 1s concerned about the mine running out of coal. 1t (872
15 estmalted that 2.5 million tonnes of coal are leltin the mine. The company wishes o (/o,
mine all of this coal in 20) years.

In order to mine the coal n a regulated manmer, the company models the amount of coal
to be mined in the coming vears by the formula

where M, s the amount of coal, in millions of tonnes, mined in year », with the first year
being vear 1

(a) Show that, according to the model, the total amount of coal, in millions of tonnes,
muned in the first n years is given by

B On +41n
! k{n+4]{n*—5}

where & 15 a constant to be determmed.

(6)
(b) Explain why, according to this model, the mine willnever run out of coal.

(2)
The company decides to mine an extra fixed amount each year so that all the coal will be
mimed m exactly 20 years.
ic) Refine the formula for M, so that 2.5 million tonnes of coal will be exhausted in

exactly 20 years of mimng.
(2)

A\, 7 (Total for Question 2 is 10 marks)
(a) METHOD I:melhod of differences (summations) |
total amovat of coal’ sugqests need a summation of M¢ from r=l torz=n
“using Sigma notation — |
AL straight auay notice fraction -implies need
rzl ri4gr+lS f°‘ (FA(TDRISE')

C(ee3)(res) redy s

=) {0 =ACr+s)+8(r+3)

WAY I:compare coefficients UAY 2: by su bsiitution -muk.’nq
cer each bfacket =0
0:A+8 -0 let ¢=-S.
... ‘constants': ~ lo=-28

10 = SA+ 28 © =L T
=) 8+ -S
let r=-3,
®-3x0 10224
SA+3e =10 S
IAXIW/ =0
2A=I1b

<2 =2
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%, TN
=Y A=S A=S %450 °¢5fi
(%bins into O for 8: ’ %0
qC'
0=5+8 %
S B=-§
<10 & _ &
Ly (3)ls) “eay  r4S &

aotice 4his is in the Jorm {(r)=f(r#2)
-'-h’lfl{ing ot need to exploct
tachniques

f(nding (ommon (actor "f ‘5" and “""‘ﬁ qu{iql ](.mcl:iong

§ 2' 3 (45
r=

.. .4uo vays to eva luate this:
WAY |: numerically

. L -
Wity = TS
I
*u 6
A B2 = 1!
43 2+¥
= . L
¥ 5
My L
443 3+S
I\
- .Z/. +
Un-2 ¢ S
=243 —n-2+S
SR S
) n+\ 3
Un-;+ L —
nel+23  A-)+S
=J -
y
w o *2_ At 5in+4)(n+5) + 4(n+4)(n+5)-20(n4y
M nkY s S -20(n+4)
cancelting terms 20(n+4)(n+S)
Lot uith:

LY IS S
s q+$ n+y ms)

qetting common denomingtor :
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expand numeretor:

s [ S(n?+An+20) t 4(n2+9n +#20)-20n-100 - 20n

-80 ) %50

20(n+4) (n+5)

"

20(n+4)(n4 %)
O 2 (Qn’-r'-tln
z,e(n-m)(v\*f)\
l.|.
= Yntylln
4 (ntt)(ne S )
=yk=4

WAY 2: Meckﬂnfcdllj |
|

leb £le)> 75 flrs2)= .

n
S flo-flead

evaluatle absve 4er T=\|1|3\"'\“'1I"'"l'\
w,: f0)- f(“'l,
:{-U) -{,l/'a)
u,: f(z) -{.(Z&l\
2 f Q) -pla)
uy: fO3h -f (302

=L(3)-f(5)
.‘/

Un-p $ln—2)—{(n'2 42/

= }(m"-\-{/(n’
Un.y: f(n- \-.f(n-u 2)
—.,l.(n—n -{»(nﬂ\

Wn {.M-f(n,-t 2)
SFOY L) ~f (1) -f (ne2)

Subbing—into pre\',iouslj dafined fuaction
[ l l
—— + —_ - -
4 S ny nNis

and manipulate as dbove to et
k= b

< (s.o +4Sn +100 +hn?+ 451480 20~ -100 -20n - 80

)
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Alternative methad ¢o part (o) ~use of induction ?Q’Cb
La{-inding the value of ‘k' using n=\ and 4he follouing tnductive lu,pothesi?

Step ‘: bhose cose
prove trae for n=|

. Mg 9 P
=10 q (1) +41 (1)
() + 8CV+1S k(144)(1+9)
= 0O - 10
1+8+1S 2% = q+41 = S0
k(s)(6) 30k
equqh'ng these
10 _ So
24 30k
€r'05s Mu lfiplj
300k = 1200
=300 =300
k=1200 _
3060

step 2 :assumption step
assume true for n=p (AvoID ‘k' as can get confused vith k=4l
S M= Apldblp
o= Y(p4Y)(p+S)

step 3 induction step
prove grue for nzk+!

k4! L I
znf - 2M' + ﬁMf
r=| rs| rs|
= dpt+llp 10

21 (p+4){p+S) ¥ (pr\)* +8(p+N H\S
expand denominater of Second fraction

s qP"‘l"'”P 10

w(ptw)pss) TPrapsligpre s
collect \ike terms
= Qelelle 0O

4(p4u)(ptS) p2HOp+2Y
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fo.t’wrise second. fraction’s denominator:
= Qpitulp 10

y(p+ullpss) (p+6)(p4u)
qe,f.l;ing «ommon denominator:
= (Qp2+tlp)(p+€) +10( M (p+5))
4 (pru)lpts)(p+6)
expand top numerator
Apd+Ulpts §Ypt + L46p + 40P +200
4(ptu)(p+ s)Hp+<)
cottect tike terms
Qpi4 9Sp" +2%6p +200
4(psyXp+s)(p+6)
$actorise numerator -
(p+1)(p24) (ap+s0)
4(ps4)(p+s)p+6]
= (p+1)}(9piso)
Y(p+s)(pt6)
St for ackel

Step &4 :conclusion step

since true for n=|, if trae for nzk and trae for nzkel jthen true for all n€!

(b suqqgests the need to see what happens to Tqas
tae Hqiven - 2
Ta = M" and L'hospital rule (=al)
4 (nsy)(n+s)

Llim  Ant+bin
**w ’ﬂ"_ - Q"' -‘.’—'

%(ntq)(n+s) "

nt Y(ne)(nts)
n?

as {.—-wo) Ta? Yy =215 mins of éonnes

O since 2.2¢ <2.5 mine will
never run ouk of coal
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() according to current model when in khe firsé 20 years...

)
T, = 9(20)" +41(20)

~

21
€l
-

2a
€0

t(20+4) (20+5)

f6 vork oud cdditional coal mined -need

25-7;7-_' = 1._q m(li #ounes over 103'1'5
no 120
1! <20 :i_q
120 120 (20)
= 3 tonnes
2400

S)Mr= }9 10

-_—
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Year 1 Linear transformations - finding invariant points and lines %’71, 4& f@ o
14,N5%)

A3
Q’é c’@ —
(\y
3 %
3 3 %
P= NS
4 7 2
The matrix P represents a linear transformation, T, of the plane,
{a) Describe the invariant points of the transformation 7.
(3)
(B) Describe the invariant lines of the transformation 7.
(6)

(Total for Question 3 is 9 marks)

(a) an invariant point is a point (call i (? )\dlvu‘ch. under the
uwovld be mapped to O.xacHJ the same point (g
{-orﬂwlating this as an equation ( Mx =~J)

(1))

mabrix maltiplication “rows iato columns” on LNS - let product matrix

be A('i‘l)
A(z,n
-..fof : ...or '
30x) + 3(y) 4Lo) + 3(y)
=) 3)&&33 2‘1’1{-41

equ.al:ing to RMS
Ix 4 33) - (x)
'11'}:).3 b
(-ormualing 2 geks of Linear equations:
“ Ix+dysX u
collect [ike termS -©
2x 3-3y
txidyry-o
=6
2 x J,—’z
Zx:-S’
mahking ‘q' the subfect of both:
y=-%4x
~all the points of the line y=-%/3X are
invarcant

[LYMETAOD |: an invariant line is @ line of poiats(call it yzmx+¢ =as a vector
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%,
(mxx*C\) vhich under the would be mapped e%o/f

(®)
Lo different points onthe SAME Straight line f'qo%

L;[-om\uluimﬂ ths as an. equation (usmg Mx ‘3)

(mx+C) - (:; n)

matrix multiplication “rogs iato columns'’ - let product
matrix be (A“'”

LYEND
- .{.or : for .
3(x) + 3(mx+c) () & F(mnxtc)
expand. b rackefs expand brawkets
3x+3mx43c Y 4+ Imx+Fe

and.-equating to R4S
3x+3mx #3¢\ _ [ x
(Hx'e;mu;c) = ("‘*‘*‘-\
Ix+Imx+dc=x -0
xt+Fmx +Ic=m'+C -0
Subuag Olnto &
bxeImetIc=m(3x+imxcsic)+c
expand. brackets
YsctImxc+ Fc>Imx+ 3mix +3Imc +<

collect x's and c¢'s on either Side:
§ \x+c(6 im)e =0

=) x(Y44m -3m ) x + 3(2-m)c=0
making each bracket equal O
Lok
Y+4m-3m*=0

(m-2)(3m+2) =0
malu'ng each bracket equal 0

Mm=-2:0 Im#2:0
=)ym=2 =)m=-7-/3

..uhen Mm:=2 S 2_2 so 'c"
' ( tan)hl«e any value =) \3:2x+(,

”ﬂ‘:bg{s 3(9 - {'1/3) %0
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=) c haSto be equal

ko O [ y=-7/,x ", A’Q
N>

METHOD 2 : ransformation of points
an invariant line (s a Lia@ of points -call them (\3) ,each of vhich under the
are mapped to another point (:1 ) on the same [in€ :y=mx+c
form«laﬁng this as an Qquation:

(2 2)E-6)

wsing matrix multiplication frows into columns"
On LUS and equeje to RHS

3¢ 33) . (x')
( Yy ¢ ?-3 3.
into lingar Qquatioas
3.)(43." s

T TENEFE
now subbeng (N y=MX $¢C tn bo 0 lie on same Straight (in2
bb<¢ 3 ( \ | a both | tr 'gh (¢

3+ 3[mxic)s x'
expond brachets

- Ix+3m¥ +3C=x’
W+ Y tc) -y
=) '-lx-l-'lmx-&)c:j'
fattorse x's and ¢'s
B (V4m)+3eze' x(Y+1m)4 Tesy ¢
and sub into points : 'z mix'sc

X(4+Im)t e :=3x(nim?)*3m
... compare (oefficients:

< dC .cconstants:
44im = S(Ml»m‘) C Im : =
Im -4m-4=0 Pmz2
faltorise

(m-2)(3m42) =0
s)m =2, 160king
at ¢ componeat
6-3(2)
*€ =) ‘¢ takes any value

=2x+C
Im+2:0 ik R
')m"z/, €0 = y:-¥eX
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O o
Year 2 Complex numbers - exploiting properties of nth roots of unity ‘9&5@ K
%,
%
)
Ll
4. (a) Using the identity z=* = | z |* , or otherwise, show that if w is any root of unity then 2
[w=2=5=2(w+wn*)
(3)
A,
— A,
/ et
A
- :_.!--.- T -.-"_ -
o) _ ':}_ - '__"}" X
A\ -~ f’f”
\ e
W |
-';5,
Figure 1
Figure 1 shows a regular heptagon 4} 47 43 A4 A5 4g A7 whose vertices all lie on the unit
circle with centre at the onigin @ and A, at (1, 0), The pomt X hies in the same plane as
the heptagon and has coordinates (2, (0).
Using the result given m part (a),
(b) find 3 (X4)
i=1
(4)

(Total for Question 4 is 7 marks)

(@) METHOD | : subbing into identity - Ju-2|*= S=2(4+u*)
notice LHS of H\'e equation matches the &NS of the given (den{-{ts (the
12]*) ~Subbing 2=w-2 iato the identity
\u-2[* = (u-l)(u-l)*
using the distributivity of the conjuqaies
w-21* = (w-2)(w*-2)
expanding RHS
=) uwt-2u-2ut+y
— 2 . .
wsing ww* = IW|” from qiven identity
lu|* + 4 —2(uiw?)
using fact that w is
of this is alvays |
¥ 4-2(u+u)
= §-2(v+vw®) = eHS
METHOD 2:\using 04bi of complex number form and f{iading the modulus

let u:xn’g -Subbing this into LHS of the equation
besi=2)=collectinareal and imaginary parts

(u™ =1) = modulus
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£ | YA
L : is-modulus-square’ %”) %§ )
| Ge=2) Figland evatuating this-mo Squ Y, 8

S 2
0f complex numbers: %’
T _ L %
([(x-2) +y‘) = (x-2) +y @,
S
U.Sins on brqcket ”
fascal’s triangle
. o leteZx(-2) + H,-).)z-l-:,":x’-‘m-l-fu-f
2| Splitting the quadratic (a x using fact that 22— (xc+B)2 +&B
where oc3p= 23, ((f =X +iy
&cic-(u
‘-'x.‘-h"-l-‘r—z(x-fij +X-iy)
A~ S———
recogqnising. reuriting Wsing
sdeﬂzv‘" Sutstt?wﬁ‘”\

Tl tu—2(yrut)
=/S-2(v+u?®) = RHS
(b)ue know that only the results of will give us a reqular heptaqon
as ¢houn in Fig I uith origin at the centre and One vertex at (i,0)

=) see A; (uhere |£it?) are the
properties of uhich are included in anguer to part (a)

rcun'%{ing =
2 (Xm)" = 2 (4i-2)
and. using RUS of proved. (a)
3 3 3
2 ( J:25-25 (u;eu®)
= ¢=i

‘ '
.o'f So

,2'5‘ = IxS:=3§

i

‘1%(0(*"{“’
-

) "u'nterprel:ing this as summation of

complex cools of unity and their complex
conjugu{cs «.CQn use fau:t that

= i%l(xm)‘ =3§
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Year 2 Calculus - higher derivatives involving inverse trig functions &
Year 2 Hyperbolic functions - integration of hyperbolic functions

y — arctan(sinh{ x ))

‘ ¥ ‘ll 3

{a) Show that :x—‘:=d—‘1—2{ﬁjl

dr \dr
(7)
dy . poody (&Y
(b) Hence find —} in terms of =, ~2and| 2
dy dy  dx” dx”
(4)
{c) Find the Maclaurin series for y, in ascending powers of x, up to and including the
term in x°
(3)
. {Total for Question 5 is 14 marks)
(a) Y =arctan (st nk(x\)

—to qet ﬁ—:; need to qeb %\_‘5 fiest
x

2 uoys to differentiate above: ,
METHOD ) :formula book dcfferentiation - d%c(qrc{unx) z \J;-x" and Chain rul@

et u=sinhx \

ax (+w
Subbing w=Sinhy

d% _ coshoe | METHOD 2:using implict
- dx | differentiation
=)dy - 1 L% coshx ! {o\l(nq tan of both sides
1
{

tur\.n s {;ar\_(arc{'a'\-(sinku\)
=) -l»qn\‘= Sil\rhf-,

. 1_. . % 0 sh c;S{ng zmp(.;n'l- qeff:e.n&iq&ion
( +“sml\ x ( 2. fany= sec’sc and T Sinhy = Coshy
= oshsyc 1,dy = |
= CoShx : Secty Sy = coshoc
(+sinh¥e | ) 2 | BN
- e ; \' =5@¢ Y <8@c¢ NI |
using cosh®x -sinh"x = | =49 - coshx
tdentity REARRANGED secty
Gcoshs = | + sinhie u€sing secty= V4 tanty
- she _ = coshx
T coShlyn” toshx *Sedhae (-I-_h-n"j
and getting tan'y jrom
tany = sinhx

=) tan'q =sinh*>x
Subk'm.g in . t&u
)+ sinh ¥
notice denominator can bQ rewrikten

COShsc -sinktsx 51
=)coshx = [+sinhta
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%, i
=) coshe _ t _5‘9’0 Q
Coshvx - cosha™ ¢¢ %"o
=) dy « - h =¥ ' Q%
. =seche = (coshx)

now tvo voys ko find sacond derivative:
WAV [: memorised from normal £riq \

‘ UAY L tusing chainrule gn dy
knoy from normal krig_that 9 (socx)

- A
‘L" -(coslm.\ :
2
Secxtan :x (coskx) ¥ \nner deriyative
ond using the hyperbolic Version of this (sink
=) M - - = - xsinhx
sechsctanhyx coshtx
- _—l X s"\‘\x
coshae  coshx
T =seChxtanhx
d?

L. " ~Sechxtanhic = - 9\;1 tanhx
fmall:, third dercvatbive . WAY L:
d_&

PO %x(wechxl:ankx)

L using product sale:

u =-sechx vz=tanhyx
®'z

's sachix

tanhx - sechysechix
sechxtanhtyx -sech®x

3
but nud to manipalate above interms o d_‘J tsechx and d \ -
“ (se.ckx\ -hence need t0 use Lder\hl\s s‘eck" = \-tanhtx

=) tanhtx = | -gRchts
|
(1-sech?x) sechx =sech3x
X pPand_

sechX -sech3)x -Sech3x
SeChX = 2sechdx
:\ d.‘j - dq a 3
=T 52
WAV 2: duﬁerenhqéu\q derivatives

now third derivative - : using prodwct rale
wz-tanke  v= dy

dly
W =-tanh( 7=
w = 13_1;‘1 4“ ah (d )

&l
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2, NS
O)Q/;%\ ‘3& 4
060
Sukbiv\g in and ﬁ’ ‘qoo
dx K¢
:_L-ank)(( )-gzch’x(se.chz]

Tkanh' S echa - e 3x
ond manpulate as shoun {n

inally get 4% _ dy _o[dy\}
f ¥ dxd ﬁczfx

to

(b)using differentiation of derivatives -from part (a)

. and d (%)35‘3 chainrule

m{{erer\hqlzmg this using — (%i)
dx

_dYy
dx
dy o dly d
L . - 2(2) (%Y dt
o (= ) ST

= "G (dg)
ou. 3 ;
now hawe to differentiate this -using & [y diy
d;( dx? alx“

and product rule ;
W= dy * Vs dz‘l
ax FTL
VAR l(i‘,:‘) o3 v's u
' AV oL dty |\ 4 d
e s (R )
praacl and slmpl-fj
=d3 d3
If!o ( \( dx? ) dy.\‘5

CeYknow the gene.ral Maclaurin Series as an infinﬂ:e(, long polenmm.al uvhere
all the coefficients of powers of x are determined L»j f(x\ and all its derivatives

evaluated at 0, i.e:
£0x) = f(OV 4 {1000 + >_:_‘f"lo) bt XL o) 4.

let f(x)=arctan(sinh(x)) -evaluating
..Sing previows parts:
f[o] = arctan (0)
3] ‘

fre0) =sech(o) = — - L -
{14
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f™e) = 1-201)3

=-|

{-“’(0)
=0-6(1)* (0
=0
Fro)= -Gy -1y - 1z(1)(o)*
= =-146 =S

subbing (nto general Maclauria ¢eries formula

e
40d) = -x3, x5 _

6 l‘t"__j
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Year 2 Modelling with differential equations - forced harmonic motion, i.e 7

( solving a second order hon-homogenous differential equation

6. A damped spring 15 part of a car suspension system. In tests for the system, a mass 15
attached to the damped spring and 1s made to move upwards i a vertical line.

The motion of the system is modelled by the differential equation

. E 6d—x+91—2¢'3“
de* dt

_ where x cm s the vertical displacement of the mass above its equilhbrium position and 715 —_—
the time, in seconds, after motion begins.

— In one particular test, the mass is moved to a position 20 e¢m above its equilibrium —
position and given an initial veloeity of 1 ms™' upwards. For this test, use the model to

{a) lind an equation for x in terms of f,

(b) find, to the nearest mm. the maximum displacement of the mass from its
equilibrium position.
R (3
In this test, the time taken for the mass to return to its equilibrium position was measured
— as 2.86 seconds. —
©  State, with justification, whether or not this supports the model.
S (1

e {Total for Question 6 is 13 marks) ——

(a) nodice ue're dealing uith forced harmonic motion -represented by
noq-homogenoqs L0DF
A.Ez m*+€m+9:=0

Solution format to use for 20DEs
(€)*-401)(a) =36-3€=0 . equal roots
using x :(A+8t) e=?
Solving A-E for roots (calc equin solver /quadratic

focmulal
X: -6+ {o
2(1)
C.F= (a+8t)e3t
next choosing a P.L 4rO0m table rom ot 1) Fom of parteuiy freegra!
ax+b A+ px
ax? + bx +c A+ px + vx?
ke~ AePr
MCOS WX ¥ Acos wx + psinwx
m sin wx Acos wx + psinwx
mcos wx + nsin wx Acos wx + psin wx

WARNING!
A The particular integral must not contain any term in the
nmph-mll‘ltc_hu.m‘_lh-:
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(nil'iallj let x=ne Mt but looking at uARNING-
can't have a multiple of C.Fin the P.I' :need
x=ttedt
di {erentiate using product rule
wzad? vze ¥
u'=22¢ v‘='3e°u
% =29k (e¥) - 3e73E(30t?)

. fucl-on‘se Ate -3t
dx : ake3(2-3¢)
dt

differentia te above using
product rule
l -
%_ 225e 3t -213)ake > -3(2)a ke 4 (-3 -3)abRedt)

= 2ae3 gatedt -catedt pqattet
Collect ik e terms
s 2ae3to)2atedt ratte st
factorise e 3t out
=e3k(2-12¢ +atd)
Subbing these derivatives into 20.0.€
% (2-12t4902) ¢ g(abert)(1-3E)) 49atTeE =27
COMPANE cOEFFICIENTS
...compare e3¢
) =2
R 12
=)y ez et
~G.§=C.Far. T
~(A+at)e 42ttt
nov-subhing in the initial conditions
Ul\ea f:O, X:20

20 = Ae3(0) ,,,(o‘z&-uo)
=) 0= A o

U'\e'\ ‘: O' 1’_‘:'00
dt

ditfesentiate 6.S
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2
dx . -3(A+8t) cbapett /%‘”% 4’*&.\‘)
Tz apredt 4 gttt O
100 = -344+8 -0 o°%o
Subin A=20 into ® K
100 =-3(10) 18
=) B =160

Sub into pfevious G.S:
% :(20+160¢) 3t + ptest
factorise ¢3¢ out

= e3¢t (20 41€04+4%)
(L) max dt’fplacemenl- <) %:o (qfil\g product rule)
% -3¢t (20 4 160k +2) 4 2 (160 +24)

= €3¢ (60 - ugot - 3k2) 423k (100 +21)
collect (ke fQrms

= e 3¢ (100 ~ 438t -3¢0
making each bracket equal 0

edt=p 100-438L-3¢=0

but conscdering o xponential Z) 3t2rY4)gt 1000
Properties e* %0

:not a solulion t-0.20¢4.l..

0r-159.5v22..
but £)0 - t=0.20%493!...
subbing into X fvaciren (parttevlar Stin)
Lo = € 300-208T) ((36) +160(0.208931.. ) + (0.2084..)*)
26.53205€¢..
28.6ecm (3 s-f)

L) subbing in t:2.9¢,

X e_"su-'“)(m-l |‘Ol28‘) + (Zg‘)z, 0. 0qI124IS..

at equilibrium posucon‘ X=0 jfrom our model we qet ¢ value of 0.04)2v..
Which differs from the ectval positinn by 0.9mn

=)Supports model ((an be explain@d by inaccuracies in measuremeat |
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Year 1 Volumes of revolution (modelling) - volume of revolution around

the y-axis & added shapes

! 12)
Criagraon nod

to scale
.8
[

—
[
i
I
- =
-
L
—
[E=]

Figure 2
Figure 2 shows a sketch of the cross-section of @ design for a child’s spinning top. The top
i% formad by ratating the region boundad by the y-axis, the curve O, the curve Oy the Tine

with equation ¢ = %and the line with eguation w="12, through 3607 about the 1-axis.

The curve ) has cquation

amd the curve 3 has equeation

32T — k{32 -ak)x’

1

¥

—sr=k

4k =1

fa) Show that [ {[4° ~1) (326" &)} dy -

Hene: find

{r} the maximum volume of the spinning mp.

l{ﬂ—k:l[:4k]—."iz.i::+i-—ﬁ}

{#] the value of & thar gives the maximum value for the volume of the spinning top,

(3

(9)

i3)
( Total for Question 7 15 15 marks)

Ca) first past of question ts just asking us to evaluate given ntcqral

glln.. L ¢\ f 3 -\
f =ty =ta=w) ey

l"*“‘-' LRATTEAE L

i T "(8)" -(32«?-k)(8)] -

1

§_[u(w A1)-8(30kt-k) 1-[ & (unr-1) - W (32K?- W)

collect (ke terms
(32-%) (4k-1) - (8-k)(32
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 adtorise (g-k) out

(g"‘)[_(“k"')(l« +1k) - (32k*-h)] )
%
expand brackets
(¢- k)("k" 1‘1k3-|.|-_k 52'(‘-}‘()
Collect Like le,ms

(8-k)(2k3-16K2+ Sk~ y)

take % owt
1 (@-L) (Ui =3 2 4k -8) = RHS

VOLVME =

(b) macn S’craéegﬂ t O, * c.,(inder
using formula for volume of revolution

va (1 ].,'
I:__T:—’(ZQ —'] Diagram not arovnd ¥ L. LK N = I x* de - -gqiven
i (l 8 to scale
o I\ 2’ as
: Y. ,
3
\ lu.m.\,‘h V. = “.J‘(( 1 )7. q
& 0 '(" J
Ny C kcm
\\ / g =4 ‘(k J_ )
ol W 0 ]
l mkeglau k
=nl 9? 1
Figure 2 ?-kq
SCEEE B
[ ?k‘l' L |
:nE‘: 18
7> I
‘now for C, :
y= 32k*-k -(32-Ul)xt
Wi~ |
rearrange for xt:
xt = (4k*=1)y-3k+k
-(32-4k)
and Subbinj into formula
. n
v ".I-it-!l U“\" "J (3‘("“(\ &J
recogmsg ceurite integral fromn (@

AX I INY.1-e1
qk-uL 3 (@K 4k
- -mg (Hk*-uw
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CYLINDER - rrth
uhere 'r‘-"/z,'k""'
< n‘{'/z\l("l) =M
3 eéﬂl—~nk

olume — "—( Uki-320-k @) 41

E—QY <0
a0
3kt l -N=0
3 g '
=% S6
= 24+ 3 12k +C4k=1) =0

\7
Yma&x

k_.
k= e
v e +L‘§L_u‘_qu44.;s)
=4'(?.HS)’ £o( 2 X

7 8 ' ' .

= 236.883%...
=233 em’ (354
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